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Abstract 

In the given article infinite order decompositions of C*-algebras are investigated. 
It is proved that for the infinite order decomposition J2f„ PC^Pn of a C*-algebra A 
with respect to an infinite orthogonal set {pi} of projections of A, if p^Ap^ is a von 
Neumann algebra for any £ then J2f v P£,Ap v is a von Neumann algebra. Also, it is 
proved that, if a C*-algebra A with an infinite orthogonal set {p^} of projections 
in A such that sup^pj = 1 is not a von Nemann algebra, projections of the set 
{p^} are pearwise equivalent then A ^ ^2f„P^Apfj, and, if the order unit space 
YlfnP^Pv i s not wea kly closed then J2f n Pi^Pv ^ s not a C*-algebra. 

Introduction 

In the given article the notion of infinite order decomposition of a C*-algebra 
with respect to an infinite orthogonal set of projections is investigated. It is known 
that for any projection p of a C*-algebra A the next equality is valid A = pAp © 
pA(l — p) © (1 — p)Ap@ (I — p)A(l —p), where © is a direct sum of spaces. In the 
given article we investigated an infinite analog of this decomposition, an infinite 
order decomposition. The notion of infinite order decomposition was introduced in 
[AFNj . The next theorems belong to [AFNj : 

let A be a C*-algebra of on a Hilbert space H, {p^} be an infinite orthogonal set 
of projections in A with the least upper bound 1 in the algebra B(H). Then 

1) if the order unit space ^p^Ap^ is monotone complete in B{H) (i.e. ultra- 
weakly closed), thenJ2f v PzApri is a C* -algebra. 

2) if A is monotone complete in B(H) (i.e. a von Neumann algebra), then 

In the given article we proved that for the infinite order decomposition P^Ap v 
of a C*-algebra A with respect to an infinite orthogonal set {p{\ of projections of 
A, if p^Ap^ is a von Neumann algebra for any £ then ^p^Ap^ is a von Neumann 
algebra. For this propose it was constructed a multiplication and an involution 
corresponding to infinite order decompositions. It turns out, the order and the 
norm defined in the infinite order decomposition of a C*-algebra on a Hilbert space 
H coincide with the usual order and the norm in the algebra B(H). Also, it is 
proved that, if a C*-algebra A with an infinite orthogonal set {p^} of projections in 
A such that sup^p^ = 1 is not a von Nemann algebra, projections of the set {p%} 
are pearwise equivalent then A ^ Y^fr,P$-^Pv Moreover if the order unit space 

J2f v Pi^Pv i s not weakly closed then J2f v Pi^Pv ^ s not a C*-algebra. 

The author wants to thank A.A.Rakhimov for many stimulating conversations 
on the subject. 
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1. Infinite order decompositions 

Let A be a C*-algebra on a Hilbert space H, {p^} be an infinite orthogonal set 
of projections of the algebra A with the least upper bound 1 in the algebra A. By 
J2f v Pi^Pv we denote the set 

{{ a i,v} '■ a C,»? ^ P^Apr] for all £,77, and there exists such number 

n 

K G R that\\ ^2 a ki\\ < K for all n G N and {a k i}u=i Q {°?,»?}}, 
k,l=i 

and say Ef ^ p^Ap v is an infinite order decomposition of the algebra A. 

Let A be a C*-algebra on a Hilbert space H, {pj} be an infinite orthogonal set 
of projections of the algebra A with the least upper bound 1 in the algebra B(H). 
We define a relation of an order < in the vector space J2f v P^^Pn as follows: f° r 
elements {a^ v }, {b^ n } G J2f, v PzAp v , if for all n G N, {pk}k=i c {P?} f ne inequality 
T^ki=\ a ki < J2ki=i^ki holds, then we will write {a^ v } < {b^ n }. Also, the map 

{«€,»)} ->• IIW,»?}||> K,*)} € E®,,P^iV where HK^IH = su p{II ELi a «ll : n G 
{afc;}fej = i C {&£,,,}}, is a norm on vector space Ylf^Pi-^Pv 
Example. Let n be an arbitrary infinite cardinal number, S be a set of indexes 
of the cardinality n. Let {e^} be a set of matrix units such that is a n x n- 
dimensional matrix, i.e. = (o a ^) a ^ S H, the (i, j)-th component of which is 1, 
i.e. aij = 1, and the rest components are zeros. Let {mj}j g H be a set of n x n- 
dimensional matrixes. By X^g- TO ? we denote the matrix whose components are 
sums of the corresponding components of matrixes of the set {to^}^-. Let 

M„(C) = ■ for all indexes i, j Ajj G C, 

and there exists such number K G R, that for all n G N 

n 

and {e k i}ki=i C {eij}\\ ^2 A fe; e fc; || < K}, 
kl=i 

where || || is a norm of a matrix. It is easy to see that M„(C) is a vector space. 
The set M„(C), defined above, coincides with the next set: 

M n (C) — {{Xijeij} : for all indexes ij Ay G C, 

and there exists such number K G R that for all 

{xi} G ^2(2) the next inequality holds ^ | ^ Ay-a^l 2 < K 2 | cc^ | 2 } , 

where ^(S) is a Hilbert space on C with elements {xi} ie ~, where i, e C for all 
i G 5. 

The associative multiplication of elements in M„(C) can be defined as fol- 
lows: if x = Yliije" ^ij e ij' V ~ EijG-Mij e y are elements of M n (C) then = 
Eij£H E^eH ^iil^U^o- C* n f n ^ s operation M„(C) is an associative algebra and 
M„(C) = £?(Z 2 (E!)), where 5(^(2)) is the associative algebra of all bounded linear 
operators on the Hilbert space ^(S). Then M„(C) is a von Neumann algebra of 
infinite n x n-dimcnsional matrixes on C, who is defined by its own infinite order 
decomposition. 
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Analogously, if we take the algebra B(H) of all bounded linear operators on an 
arbitrary Hilbert space H and if {qi} is an arbitrary maximal orthogonal set of 
minimal projections of the algebra B(H), then B(H) = J^fj QiB(H)qj (see [AFNj l. 

Let A be a C*-algebra, {pi} be an infinite orthogonal set of projections with the 
least upper bound 1 in the algebra A and let A — {{Piapj} : a £ A}. Then A = A 
(see [AFN2] ). 

Lemma 1. Let A be a C* -algebra, {p^} be an infinite orthogonal set of pro- 
jections of the algebra A with the least upper bound 1 in the algebra A. Then, 
YlfriPC^Pv * s a vec t° r space with the next componentwise algebraic operations 

A • {a 5 , ; } = {Aa ?t? }, X £ C 

© 

{a £v } + {b^} = {a iv +hv}> a £r}ihv e z2PS A Pn- 

And the space A is a vector subspace of the vector space Ylf-^PS^Pv 

Lemma 2. Let A be a C* -algebra, {p^} be an infinite orthogonal set of pro- 
jections of the algebra A with the least upper bound 1 in the algebra A. Then, the 
map {a iiV } ||{a^ n }||, {a e ,„} £ Y,f, v Pt A Pri, where \\{a i:V }\\ = sup{|| Y2i=i a kl\\ ■ 

n £ N, {a<ki}ki=i !== { a Z,v}}> * s a norm > an d ^2fnPS A Pv * s a Banach space with this 
norm. 

Proof. It is clear, that for any element {a^ >n } £ ^2f t „P(Ap n , if ||{fflf,tj}|| = 0, 
then a^_ n = for all £, 77, i.e. {a^} = 0. The rest conditions in the definition of 
the norm also can be easily checked. 

Let ifln) be an arbitrary Cauchy sequence in the space '^2f v P^Ap Vl i.e. for any 
positive number e > there exists n £ N such, that for all m > n, 712 > n 
the inequality ||a ni — a n2 || < e holds. Then the set {||a n ||} is bounded by some 
number K £ R + and for any finite set {pk}k=i C {pi} the sequence (pa n p) is 
a Cauchy sequence, where p — X)fc=iPfc- Then, since A is a Banach space, then 
lim„^ pa n p £ A. 

Let a£ tV = limn^oQ p^anPrj for all £ and r/. Then || J2ki=i a ki II < K f° r all n G N 
and {a k i}% l=1 C {a^, v }- Hence {a iiV } £ Y,f,r,Pi A Pv > 

The definition of the order in Y^,f ^ P(. A Pv ^ s equivalent to the next condition: for 
the elements {a^}, {b^} £ J2f v Pi A Pm ^ f° r all n e iV and {pk}k=i Q {Pi} tne 
equality {afcz}£ ;=1 < {bki}k 1=1 holds in the algebra A, then {a^} < {b^ v }. 

Proposition 3. Let A be a C* -algebra on a Hilbert space H , {p^} be an infinite 
orthogonal set of projections in A with the least upper bound 1 in the algebra B(H). 
Then the relation <, introduced above, is a relation of a partial order, and the space 
YlfnP( A Pn * s an or ^ er un tt space with this order. In this case A — {{p^ap v } : a £ 
A} is an order unit subspace of the order unit space ^f^P^Ap^. 

Proof. Let M = J2f n Pi A Pv The space M is a partially ordered vector space, 
i.e. M+ n M- = {0}, where M+ = {{a Sn } £ M : {a in } > 0}, M- = {{a in } £ 
M : {a iv } < 0}. 

By the definition of the order the partially ordered vector space A4 is Archimedean. 
Let {a^} £ M. Since for any finite set {pk}k=i C {p^} the inequality — ||{a^^}||p < 
Pi a Z,v}P — ll{ a £,??}ll-P holds, where p = J2k=i Pk-> then by the definition of the order 
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— ll{ a 5,i?}||l ^ { a 5,»?} ^ ll{ a 5,»?}l|l; an d the unit of A is an order unit of the partially 
ordered vector space M.. Thus, M. is an order unit space. 

By lemma 1 A is an order unit subspace of the order unit space A4. > 

Proposition 4. Let A be a C* -algebra on a Hilbert space H , {pi} be an infinite 
orthogonal set of projections in A with the least upper bound 1 in the algebra B(H). 
Then the order unit space A — {{p^ap v } : a £ A} is a C* -algebra, where the 
operation of multiplication of A defines as follows 

■ < {PidPr,}, {P(pp v } >^ {p^abp v }, {p 6 ap v }, {p s bp v } £ A. 

Proof. By lemma 4 in [AFN2] the map 

X : a £ A — > {p^ap v } £ A 
is a one-to-one map. In this case 

X(a)I(b) = X(ab) 

by the definition in proposition 4 of the multiplication, and X(a) = {p^ap v }, X(b) = 
{P(,bpri}, I (ah) = {p^abpr)}. Hence, the operation, introduced in the formulation of 
proposition 4 is an associative multiplication and the map I is an isomorphism of 
the algebras A and A. 

By proposition 3 the isomorphism X is isometrical. Therefore A is a C*-algebra 
with this operation. > 

Example 1. We take the algebra B(H) of all bounded linear operators on a 
Hilbert space H. Let {q{\ be a maximal orthogonal set of minimal projections of 
the algebra B(H). Then sup,j g,* = 1 and by lemma 4 in [AFN2] and proposition 4 
the space B(H) = {{qiaqj} : a £ B(H)} can be identified with B(H) as C*-algebras 
in the sense of the map 

X:a£B(H)^ {q.aqj} £ B(H). 

In this case the operation associative multiplication in B(Ti) is defined as follows 

• :< {m<li}, {qiMj} >^ {qiabqj},{q l aq j },{q i bq :j } £ B(H). 

Let a, b £ B(H), qtaqj = \ lJ q lJ1 q.bqj = //,,</,,. where Xij, Hii G c - 1i = 9ijQ*j, 
Qo = QijQiji f° r au indexes i and j. Then this multiplication coincides with the next 
bilinear operation 

• :< {liaqj}, {qibqj} >^ I • {Qiaqj}, e B(H). 

t 

Remark 1. Let A be a C*-algebra on a Hilbert space H, {pi} be an infinite 
orthogonal set of projections in A with the least upper bound 1 in the algebra 
B(H). Then by proposition 4 A = {{p^ap v } : a £ A} is a C*-algebra. In this case 
the involution on the algebra A coincides with the next map: 

{PtaPvY = {PZ a *Pn}> a£ A. 
Indeed, the identification A = A gives us a = {p^ap^} and a* = {p^p^} for all 
a £ A. Then {p^ap^}* = a* = {p(a*prj} for any a £ A. Let A sa = {{p^Pr/} ■ 
a £ A sa }- Then A = A sa + iA sa - Indeed, {p$ap v }* — a* = a = {p^ap v } for any 
a £ A sa . 
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Let Af = {{p£ap v } : a € B(H)}. By lemma 4 in AFN2^ and by proposition 4 
Af = B{H). Therefore we will assume that Af = B{H). Let J\f sa = {{p^ap,,} : a 6 
B(H), {p^ap v }* = {p^ap v }}. Then Af — Af sa +iAf S a- Note that {p^ap v }* = {p^ap,,} 
if and only if (jp^ap^)* = p^apj for all £, 77. 

Lemma 5. -Lef B{H) be the algebra of all bounded linear operators on a Hilbert 
space H. Let {p^} be an infinite orthogonal set of projections of the algebra B(H) 
with the least upper bound 1. Then the associative multiplication of the algebra Af 
(hence of the algebra B(H) ) coincides with the next operation 

{p 6 ap v } * {p^bpr,} = {^p^ap.p.bp^, {p^ap^, {p^pj G TV 

i 

where the sum ^ in the right part of the equality is an ultraweak limit of the net 
of finite sums of elements in the set {p^apiPibp v }^ v . 

Proof. Let {pk)k=i be a finite subset of the set {p^}. Note that sup i p i = 1 in 
the algebra B(H), i.e. the net of all finite sums of the kind Y^k=rPk of orthogonal 
projections of the set {pj} ultraweakly converges to the identity operator in B(H). 
By the ultraweakly continuity of the operator of multiplication T(b) = ab, b 6 B(H), 
where a £ B(H), the net of finite sums of elements in the set {p^aptpibp^}^ 
ultraweakly converges in B(H) and J2iPi a PiPi^Pri — P^abpr, for all £, r/. Hence 
the operation of multiplication * of the algebra Af coincides with the operation, 
introduced in proposition 4. And the operation of the associative multiplication, 
introduced in proposition 4 coincides with the multiplication in the algebra B(H) 
in the sense Af = B(H). > 

Proposition 6. Let A be a C* -algebra on a Hilbert space H , {p{\ be an infinite 
orthogonal set of projections in A with the least upper bound 1 in the algebra B(H). 
Then the operation of associative multiplication of the algebra A coincides with the 
inducing on Af of the operation, defined in lemma 5. 

Proof. Let {p^ap n }, {p^bp v } be elements of A sa and {pk}k=i De a finite subset 
of the set {p^} and p = Y?k=iPk- We have the net of all finite sums of the kind 
12k=iP k °f orthogonal projections of the set {p^} ultraweakly converges to the 
identity operator in B{H). Then for all £, 77 the element {p^abp v } is an ultraweak 
limit in B(H) of the net {^2 i p^apiPibp v } of all finite sums {X}fc=i P£ a PkPkbp v } on 
all subsets {pk}k=i c {Pc}> an d the element {p^abp^} belongs to A. Hence the 
assertion of proposition 6 holds. > 

Remark 2. Let A be a C*-algebra on a Hilbert space H, {pi} be an infinite 
orthogonal set of projections in A with the least upper bound 1 in the algebra B{H). 
Note that then by lemma 4 in }AFN2| the order and the norm in the vector space 
Y^fj PiApj can be introduced as follows: we write {a^} > 0, if this element is zero 
or positive element in B{H) in the sense of the equality B(H) — J2f v Q^B(H)q v , 
where {q^} is an arbitrary maximal orthogonal set of minimal projections of the 
algebra B(H); \\{ai 3 }|| is equal to the norm in B(H) of this element in the sense of 
the equality B(H) = Y,f, v Qi B ( H )qv (example 1). By lemmas 3 and 4 in [AFN2] 
they coincide with the order and the norm defined in lemma 2 and proposition 3, 
correspondingly. 

Remark 3. Suppose that all conditions of remark 2 hold. Then B{H) = B(H) = 
J2l v 1^ B ( H hn^ where B(H) = {{qtaq n } : a e B{H)}. Also, we have Y,?jPi A Pj ^ 
a Banach space and an order unit space (lemma 2, Proposition 3). Suppose that 
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{<7{} is such maximal orthogonal set of minimal projections of the algebra B(H) 
that pi = sup^q,,, for some subset {q n } C for all i. Note that B{H) = 

{{piapj} : a G B(H)} = ^2fjPiB(H)pj. By propositions 4 and 6 the order unit 
space A = {{piapj} : a € A} is closed concerning the associative multiplication of 
the algebra ^2ijPiB(H)pj (what is the same that W = {{piapj} : a <E B(H)}). 

At the same time, the order unit space J^fjPi^Pj i s the order unit subspace of 
the algebra T,?jPi B ( H )Pj- 

Since B(H) = Y^tj PiB(H)pj, then Y^iTj Pi B {H)Pj lii a von Neumann algebra, 
and without loss of generality, this algebra can be considered as the algebra B{H). 

Note that if the space J^fj Pi^Pj i s closed concerning the associative multiplica- 
tion of the algebra J^fj PiB(H)pj, then YltjPi^Pj IS a C*-algebra. Also, when we 
consider the C*-algebra A with the conditions which are listed above, then we have 
the algebra J2fjPiB(H)pj (i.e. actually the algebra B(H)) and the vector space 
YfjPiApj as an order unit subspace of the algebra J2fjPiB(H)pj. Then we have 

© © 
A C J^PiApj C J2 Pi B(H) Pj . 

ij ij 

Thus, further, when we say that J^fjPi^Pj ^ s a C*-algebra we assume that the 
vector space J^fj Pi^Pj is closed concerning the associative multiplication of the 
algebra E?jPiB(H) P j. 

The involution in the sense of the identification piB(H)pj = B(H) coincides 
with the next map: 

© 

{an}* = {a*J, {a t3 } e Y,Pi B ( H )Pj- 

ij 

Indeed, there exists an element a 6 B(H) such that a — = {piapj}. Then 

a* = {pia*pj} in the sense of B(H) = Af. We have = ptapj, a*j — Pjd*Pi for 
all i, j. Therefore {p t a*p 3 } = {a*J. Hence a* = {a*J. Let (£® p i B{H)p J ) sa = 
{{ aij } : { aij } G Y,? j PiB(H)p j ,{a ij }* = {ay}}. Then 

© © © 

Y^PiB{H) Pj = (J2PiB(H) Pj ) sa + i(J2 Pi B(H) Pj ) sa . 

ij ij ij 

Lemma 7. Let A be a C* -algebra on a Hilbert space H, {pi} be an infinite 
orthogonal set of projections of the algebra A with least upper bound 1 in B(H) and 
{Y.fjPiApj)sa = {{aij} : {a^} e T,® PiM , {aij}* = {aij}}- Then 

© © © 

^piApj = (^2 / p i Apj) sa + i(^2 l p i Apj) sa . (**) 

ij ij ij 

In this case the equality {ay}* = {ay} holds for {ay} £ J^fjPi^Pj if an< ^ on ^V tf 
a*j = ciji for all i, j. 

Proof. Let {ay} G Pi^Pj- We have ay + aji = ai + ia-i, where a\, 02 <E 
{YlTjPiA P j)sa, for all i and j, since ay + a jl e A. Then ay + a,ji = Pia\Pj + 
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Pjdipi + i{pid2Pj + Pjdzpi), 01 = Pidipj +p 3 aipi, a 2 = pia 2 pj + pja 2 pi for all i 
and j. Let ajj = piaipj + pja±pi, a?- = pia 2 pj + Pja 2 pi for all i and j. Then by 
the definition of the vector space J^TjPiApj we have {o^}, {a^} G EyPi^fj- In 
this case {a*j}* = {a^.}, fc = 1,2. Since the element {oy} £ J^fjPi^Pj was chosen 
arbitrarily we have the equality (**). 

The rest part of the assertion of lemma 7 holds by the definition of the self-adjoint 
elements {a*-}, k = 1, 2. > 

Lemma 8. Let B{H) be a *-algebra of all bounded linear operators on a Hilbert 
space H, {p^} be an infinite orthogonal set of projections of B(H) with the least 
upper bound 1. Then the associative multiplication of the algebra '^2f v P£ } B(H)p n 
(i.e. of the algebra B{H)) coincides with the associative multiplication defined as 
follows: 

© 

Proof. Let{a 4 „},{6 ?r) } e (Ef>£#(#K)- We have B(H)=Af = J2® v Pi B (H)p, 
Therefore, it can be regarded that B(H) = TV = J2f n Pi B ( B )p n . There exists el- 
ements a, 6 in the algebra B{H) such that p^ap v = af„, p(bp„ = b^ v for all £, 
77. Therefore {a^ v } = {p^ap v }, {b^ v } = {p^bp v }. Then by lemma 5 we have the 
associative multiplication of the algebra rj P^B{H)p ri (i.e. of the algebra B(H)) 
coincides with the operation defined in lemma 8. > 

Proposition 9. ( [AFN| )£e£ A be a von Neumann algebra on a Hilbert space H , 
{pi} be an infinite orthogonal set of projections of the algebra A with least upper 
bound 1 in B(H). Then A — J2f v P^^Pv 

Proof.Let a be an element of the vector space ^2f v P£Ap v and a = {o^}, where 
a H — P£ a Pi> a £ri = P^cip v for all £, 77. We have a G B(H) = J2frjPi B ( B )Pv an< ^ 

(ELiPfcMELiPfc) e A for an y {p*}*=i c Let 

n n n 

fe/=l fe/=l fc2=l 

for all natural numbers n and finite subsets C {pi}- Then by the proof of 

lemma 3 in |AFN2) the net (&") ultraweakly converges to a in B(H). At the same 
time A is ultraweakly closed in B(H). Therefore a £ i and E*,jP?^-P>) — ^- > 

Lemma 10. Let A be a C* -algebra on a Hilbert space H, {p{\ be an infinite 
orthogonal set of projections in A with the least upper bound 1 in the algebra B{H). 
Then, if projections of the set {p{\ are pairwise equivalent and for every index £ the 
component p^Ap^ is a von Neumann algebra, then the vector space Ylf^ P$Ap v is 
closed concerning the multiplication of the algebra ^2f v P^B(H)p ri and Y^frjP^^Pv 
is a C* -algebra. 

Proof. First, note that (p^ +p v )A(p^ + p v ) is a von Neumann algebra. Indeed, 
for any net (a Q ) in p^Ap Vl weakly converging in B(H) the net (a a x^ ) belongs to 
p^Ap£, where x^ v is an isometry in A such that x^x*. = p^, = Vt\- Then 

since the net (a a xt ) weakly converges in B(H) then the weak limit b in B(H) of 
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the net (ciaX^) belongs to p^Ap^. Hence bx^ v € p^Ap^. It is easy to see that bx^ 
is a weak limit in B(H) of the net (a a ). Hence p^Ap v is weakly closed in B(H). 
Let {a ??) }, {b iv } G (Ef^Ap,,). We have 

© © 

J>^4p, C Y J ViB{H)p v = B(H). 

in 

Therefore there exist elements a, b in the algebra J2f v PtB(H)p v (i.e. in the algebra 
B(Hj) such that p^ap v = a^ v , p^bp v = b^ v for all £, 77. Therefore {a^,,} = {p^ap^}, 
Ihv} = {PspPv)- We have 

calculated in ~^2f v P^B(H)p n belong to p^Ap n . Since the indexes £, 77 were chosen 
arbitrarily and the product {p^ap ri }{p^bp v } = ab belongs to X)^ 7 PC^(^)P')i then 
the product of the elements a and b belongs to ^f^P^Ap^. Therefore the vector 
space ^2f v P^Ap v is closed with respect to the associative multiplication of the 
algebra J2f ri P^B(H)p v . At the same time, J2f v P^Ap v is a norm closed subspace 
of the algebra J2frj V^B{H)p n = B(H). Hence ^2f v P£Ap v is a C*-algebra and the 
multiplication in J2f v P^Ap n can be defined as in the formulation of lemma 8. > 

Theorem 11. Let A be a C* -algebra on a Hilbert space H, {p^} be an infinite 
orthogonal set of projections in A with the least upper bound 1 in the algebra B{H). 
Suppose that projections of the set {p^} are pearwise equivalent and for any £ p^Ap^ 
is a von Nemann algebra. Then ^f^P^Ap^ is a von Neumann algebra. 

Proof. Let {x^ n } be such set of isometries in A that p^ = x^x^, p v = 
for all £, 77. Let £, 77 be arbitrary indexes. We prove that p^Ap v is weakly closed. 
We have p^Ap n p v Ap^ C p^Ap^ and p^Ap v = x^ v Ax^ v . Let (a a ) be a net in p^Ap n , 
weakly converging to an element a in B(H). Then the exists a net (b a ) in p^Ap v 
such that a a — x^ v b a x^ v for all a. By the weakly continuity of the multiplication 
separately on multipliers the net (a a x^ ) weakly converges to the element ax^ n 
in the algebra B(H). Since {a a x^ v *) C p^Ap^ and p^Ap^ is weakly closed in 
B(H), then axL G p^Ap^. Hence there exists an clement b G A such that aa;L = 
x^bx^x^. Then ax^x^ = x^bx^x^x^ = x iri bx in p n = x in bx in G p^Ap v . At 
the same time aap^ = a a for all a. Hence, ap v — a in the algebra B(H). Since 
a = axjt X£ v = x^bx^ G p^Ap v , then a G p^Ap n . Since the net (a a ) is chosen 
arbitrarily, then the component p^Ap v is weakly closed in B(H). Let (a a ) be a net 
in ^fjjP^Apr], weakly converging to an element a in B(H). Then for all £ and 77 
the net (p^a a p v ) weakly converges to p^ap v in B(H). In this case, by the previous 
part of the proof p^ap v G p$Ap v for all £, 77. Note that a G J2f v P^B(H)p n . Hence 
a G J2f v PzAp n - Since the net (a Q ) is chosen arbitrarily, then the vector space 
Y^f v Pi^Pv i s weakly closed in the algebra Ef ) v p^B{H)p v = B{H). Therefore by 
lemma 10 v P^Ap v is a von Neumann algebra. > 

Proposition 12. Let A be a monotone complete C* -algebra on a Hilbert space 
H , {p^} be an infinite orthogonal set of projections in A with the least upper bound 1 
in the algebra B(H). Then the order unit space J2f v P^Ap v is monotone complete. 
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Proof. We have the C*-subalgebra p^Ap^ is monotone complete for any index 
£. Let {pk}k=i be a finite subset of the set {p$} and p — Y^k=\Pk- Then the 
C*-subalgebra pAp is also monotone complete. 

Let (a a ) be a bounded monotone increasing net in Y^nP£ A Py Since for any 

finite subset {pk}k=i Q {p$} the subalgebra (J2k=i Pk) A (J2k=i Pk) i s monotone 
complete then 

n n n n 

su pC^2pk)a a (^Pk) e c^2p k )AC^2p k ). 

a k=l k=l k=l k=l 

Hence, {a^} = {swp a p i a a p^}U{p i (sup a {p^+p n )a a (p i +p n ))p rt }^ 7 i v is an element 
of the order unit space ^2f n P^Ap n . It can be checked straightforwardly using the 
definition of the order in the order unit space J2fr)P£ A Pv that the element {a^} 
is the least upper bound of the net (a Q ). Since the net (a a ) was chosen arbitrarily 
then the order unit space '^2f v Ps,Ap JI is monotone compete. > 

Theorem 13. Let A be a monotone complete C* -algebra of bounded linear 
operators on a Hilbert space H, {p{\ be an infinite orthogonal set of projections 
in A with the least upper bound 1 in the algebra B(H). Suppose that projections 
of the set {p^} are pearwise equivalent and A is not a von Nemann algebra. Then 

A J2f, v PS A Pn ( Le - A := {{p^ap v } : a £ A} ^ Yj% v H A Pv)- 

Proof. We have there exists a bounded monotone increasing net (a a ) of elements 
in A, the least upper bound sup^ a a in the algebra A and the least upper bound 
sup^® Pi B(H)p Qa m t ne algebra ^2^ TI P^B(H)p rj of which are different. Otherwise 
A is a von Nemann algebra. 

By the definition of the order in the algebra J2f v P£,B{H)Pr) there exists a projec- 
tion p £ {p^} such that the least upper bound sup pAp pa a p in the algebra pAp and 
the least upper bound swp pB ^ H ^ p pa a p in the algebra pB (H)p of the bounded mono- 
tone increasing net (pa a p) of elements in pAp arc different. Indeed, let a = sup A a a , 
b = sup^e p b{h)p a °- Since A C J2f v Pi-B(H)p v , then b < a and < a— b. Hence, 
if P{(a — = for all £, then p^(a — b) = (a — b)p^ = 0. Therefore by lemma 2 
in [AFN2 a — b — 0, i.e. a — b. Hence pAp is not a von Nemann algebra. 

We have there exists an infinite orthogonal set {e^} of projections in pAp, 
the least upper bound sup pAp in the algebra pAp and the least upper bound 
sup pB (£f)p e, in the algebra pB{H)p of which are different. Otherwise pAp is a von 
Neumann algebra. 

Indeed, any maximal commutative subalgebra A Q of pAp is monotone complete. 
For any normal positive linear functional p G B{H) and for any infinite orthogonal 
set {q{\ of projections in A a we have p(sup i qi) = 53iPfe)> where sup i is the 
least upper bound of the set {qi} in A a . Hence by the theorem on extension of 
a er-additive measure to a normal linear functional p\ Ao is a normal functional on 
A a . Hence A Q is a commutative von Neumann algebra. At the same time the max- 
imal commutative subalgebra A a of the algebra YlfnP£ A P'n ^ s chosen arbitrarily. 
Therefore by |GKP] J2f v Pi A Pv i s a von Neumann algebra. What is impossible. 

Let {x£ v } be such set of isometries in A that p^ = a^ajJL, p v = x^ for all £, 
r), and let p\ — p. Let {x\^} be the subset of the set {x^ v } such that p\ = x\^x\^ 
Pi = x le x H t° r a h £■ Without loss of generality we regard that the set of indexes 
i for {e^} is a subset of the set of indexes £ for {p^}- Let {eiXu} be a set of 
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all components of some infinite dimensional matrix {a^}, the components, which 
are does not present, are zeros and {x^e*} be also an analogous matrix, which 
coincides with {a^}. We have Y,i e i x ^i x *u e * = Ej e iPi e * = X« e * e * = E,^ < 
sw PpA P e t- Therefore {a ?t) } <G Ylf^P^Pv Tncn { a |r,} e Y^f,r,Pt A Pv Therefore 
if {a^ v } G A (i.e. in A := {{p^ap v } : a G A}) then the product {a^ v } ■ {a^ } in 

Ey PiB(H)pj belongs to J2f v Pi^Pv ^ n this case we have the infinite dimensional 
matrix {a^} • contains the component yj f eiXu ■ x* u e* such that y^- ejXu ■ 

x ii e i =Pi(E,i e i x u- x ii e i)Pi- Consequently, Pi({a iv } ■ {a*^})pi = J2i e i x u ' x ii e * ■ 
Hence Yli e i x u ' x u e i e Pi(X^t,P«^P>j)pi = Pi A Pi- Sincc Z^e^n ■ i^* = 
Ei e *-Pi e * = E t e i< = Ei e ^ thcn Ei e ! e Pi^Pi, i-e. sup pB(ff)p e l G pi^f>i. The 
last statement is a contradiction. Therefore {a^,,} ^ A. Hence A ^ J2f v P^^Pv 
(i.e. A := {{p^op,} : a G A} ^ E®,P^JVj)- > 

The next assertion follows by theorem 13 and it's proof. 

Corollary 14. Let A 6e a C* -algebra on a Hilbert space H, {p^} be an infinite 
orthogonal set of projections in A with the least upper bound 1 in the algebra B(H). 
Suppose that the order unit space Y^f v P£,Ap v is monotone complete and there ex- 
ists a bounded monotone increasing net (a a ) of elements in ^2f v PiAp n , the least 
upper bound sup^e p !: Ap 71 a " * n ^ e a ^9 e bra J2f v P^^Pn an< ^ ^he ^ eas ^ u PP er bound 
sup^-.® P( B(H) Pn a a in the algebra ^2f v P(B(H)p v of which are different. Then the 
vector space J2f v P^^Pv * s no< closed concerning the multiplication of the algebra 
Ei v P^(H)Pn- 

2. Application 

Let n be an infinite cardinal number, S a set of indexes of cardinality n. Let 
{eij} be a set of matrix units such that is a n x n-dimensional matrix, i.e. 
e-ij = (a ^)^,s, whose (i,j)-s component is 1, i.e. a^ = 1, and the rest components 
are zero. Let X be a huperstonean compact, C(X) the commutative algebra of all 
complex- valued continuous functions on the compact X and 

M = {Y, K( x )^ 3 ■ (VyA tf (a;) G C{X)) 
(3K G R)(Vm G iV)(V{e fe/ }S =1 C {ey})|| ]T \ kl (x)e kl \\ < K}, 

kl—l...m 

where \\Y<kl=\...m ^ki{x)e kl \\ < K means (Vx G X)\\ J2kl=i...m Xki{x D )e kl \\ < K. 
The set M is a vector space with pointwise algebraic operations. The map || || : 
A4 —¥ R + defined as 

n 

\\a\\= sup || ^ X k i{x)e k i\\, 
{ e H};, =1 c{e,j} kl=1 

is a norm on the vector space M, where a G M and a = J2ijes ■^»j( a; ) e *j- 

Theorem 15. M is a von Neumann algebra of type I n andM — C(X)®M n {C). 
Proof. It is easy to see that the set M. is a vector space with the componentwise 
algebraic operations. It is known that the vector space C{X, M„(C)) of continuous 
matrix-valued maps on the compact X is a C*-algebra. Let A = C(X,M n (C)) 
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and ei be a constant eii-valued map on X, i.e. e, is a projection of the algebra 
A. Then {ei} is an orthogonal set of projections with sup^ = 1 in the algebra 
A. Then ^® e,Aej = X. We have a C*-algebra 4 can be embedded in B(H) 
for some Hilbert space H. Then J^fj SiAej can be embedded in B(H). For any i 
tiAti = C(X)ei, i.e. the component eiAe^ is weakly closed in B(H). Hence, by 
theorem 11 the image of vector space Ai in B{H) is a von Neumann algebra. Hence, 
Ai is a von Neumann algebra. Note, that the set {ei} is a maximal orthogonal set 
of abelian projections with central support 1. Hence, Ai is a von Neumann algebra 
of type I„. Moreover the center Z(AA) of the algebra Ai is isomorphic to G(X) 
and Ai = C(X) ® M„(C). > 

References 

[AFN] Arzikulov F.N. Infinite order and norm decompositions of C*-algebras. Int. Journal of 
Math. Analysis, Vol. 2, no. 5-8, pp. 255-262.(2008) (www.m-hikari.com) 

[AFN2] Arzikulov F.N. Infinite norm decompositions of C*-algebras. arXiv: 1008. 0243 vl 
[math.OA], 2 Aug 2010. 

[GKP] Pedersen G.K., On weak and monotone tr-closure of C*-algebras. Commun. Math. Phys. 
11, 221-226 (1968/1969) 

Institute of Mathematics and Information 
technologues, Tashkent, 
arzikulovfn@yahoo . com 



